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SUMMARY
Homogenization theory is used to derive macro-scale models of the mass transport equation. Seven
cases are considered depending on what combinations of advection, diffusion, and metabolism dom-
inate on the large scale. The order of the Péclet and Damköhler numbers determines the form of the
averaged mass transport equation. It is found that for oxygen transport in the capillary beds in the
brain, advection and metabolism dominate on the macro-scale. The equations derived are general, and
hence can be used to determine the appropriate macro-scale mass transport equation for any solute.
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1 INTRODUCTION

Underlying microvascular architecture is recognised as being key to the perfusion rate and delivery
of oxygen [3, 6, 9]. The spatial resolution of current functional imaging techniques, such as fMRI,
is not high enough to pick out the microvasculature and its effects on oxygen transport. As a result,
little information is available on the interplay between the microvascular topology and tissue-scale
perfusion. Characterising this interplay is likely to help to improve the treatment of vascular diseases.

A number of authors have previously developed models of oxygen transport which can be applied to
any 3-dimensional network. These models are useful in analysing oxygen perfusion around individual
capillaries. However, all of these models are currently only computationally reasonable for small
tissue sections. Building larger models so that accurate comparison can be made with imaging data
becomes very difficult using current discrete modelling techniques.

Continuum-based mathematical modelling techniques, specifically homogenization, aim to deal with
this issue of scalability. Homogenization is an averaging technique which derives macro-scale models
using micro-scale models, assuming that there is a scale separation between the two, and that the
micro-scale is periodic. We can then replace discrete models with averaged integral quantities of the
capillary bed valid over the larger region of interest, reducing the computational cost substantially.

In this paper the general mass transport equation is homogenized using the characteristic length scales
of intra-capillary separation and MRI voxel size. Seven cases are considered depending on what com-
binations of advection, diffusion, and metabolism are dominant on the macro-scale. The appropriate
macro-scale equation for oxygen transport in the brain is then determined. The homogenization tech-
niques used are based on those by Auriault et al.[1] and Shipley & Chapman[10].

2 METHODOLOGY

The periodic micro-scale problem (and its relationship with the macro-scale) is shown in Fig. 1, where
Ωt is the interstitial domain and Ωc is the capillary domain (subscripts c and t refer to the capillary
and interstitial domains respectively from hereon in).



Figure 1: Schematic of the macro-scale com-
posed of periodic micro-scale cells.

It can be assumed that the flow is incompress-
ible and that the diffusion coefficient is constant
through the capillaries and interstitium. The re-
action rate, or the metabolic term, is initially
considered to vary linearly with concentration.
As a result the mass transport equation is

∂c

∂t
+ (u.∇)c = D∇2c− Λc (1)

with Λ being the metabolic rate and assumed
zero in Ωc and λ in Ωt, c the concentration, u
the velocity, and D the diffusion coefficient.

The first boundary condition can be stated im-
mediately as a mass flux balance of the solute
across the capillary wall. Due to there being no
leakage of blood into the interstitium, the only
transport mechanism is diffusion. Therefore the

flux must be continuous on Γ (where Γ is the boundary between the capillary and the interstitium)

(Dt∇ct).n = (Dc∇cc).n on Γ (2)

It has been shown that the most appropriate boundary condition for oxygen is to treat the capillary
wall as part of the tissue [8]. Therefore the second boundary condition assumes a continuity of
concentration across the wall

cc = ct on Γ (3)

Characteristic values for each variable are used in order to non-dimensionalize the equations.

c = Cc′, u = Uu′, D = DchD
′, X = dX′, t = tct

′ (4)

Dch is a characteristic diffusion coefficient, d the characteristic local length scale (in this case the
average capillary separation), and tc the characteristic time. The degree of freedom obtained by not
defining the time-scale allows us to determine the appropriate scaling of the three mass transport
terms later on.

Inserting the equations from (4) into (1) gives

Pd
∂c′

∂t′
+ Ped(u′.∇′)c′ = D′∇′2c−Rc′ (5)

withR being zero in the capillaries and Dad in the interstitium, and the three dimensionless numbers
defined as

Pd =
d2

Dchtc
, P ed =

Ud

Dch
, Dad =

λd2

Dch
(6)

The Péclet number (Ped) is defined as the ratio of advection to diffusion, and the Damköhler (Dad)
number is defined as the ratio of metabolism/reaction to diffusion. As a result, large values of Ped
and Dad imply dominant advection and reaction terms respectively.

It will also be useful to define the Péclet and Damköhler numbers in terms of characteristic times. In
order to do so, we define the advection, diffusion, and reaction time scales as follows

tadvd =
d

U
, tdifd =

d2

Dch
, treacd =

1

λ
(7)

As a result, the dimensionless numbers can be re-written as

Pd =
tdifd

tc
, P ed =

tdifd

tadvd

, Dad =
tdifd

treacd

(8)

Evidently by relating tc to tadvd , tdifd , and treacd it will be possible, depending on what are the dominant
processes in the system, to obtain the appropriate scaling for the dimensionless numbers.

Before proceeding with the analysis of various cases we will also define the global time scales and
dimensionless numbers by replacing d with the macro-length scale L in the above equations.



2.1 Homogenization

The mass transport equation will be homogenized assuming the global length variable is defined as
x = εX, where X is the local length variable and ε is a small parameter. Due to the assumption of
scale separation both x and X are treated as independent variables such that

∇ = ∇X + ε∇x, ∇2 = ∇2
X + 2ε∇x.∇X + ε2∇2

x (9)

Substituting (9) into (5), and dropping the primes to make it easier to read, we obtain

Pd
∂c

∂t
+ Ped(∇X .(cu) + ε∇x.(cu)) = D∇2

Xc+ 2εD∇x.∇Xc+ ε2D∇2
xc−Dadc (10)

where the advection terms have been rewritten in conservation form and it is assumed that the reaction
only occurs in the interstitium. Similarly for the boundary conditions

(Dt∇Xct + εDt∇xct).n = (Dc∇Xcc + εDc∇xcc).n on Γ (11)

cc = ct on Γ (12)

A multiple scales expansion is then performed with

u = u(0) + εu(1)(x,X, t) + ε2u(2)(x,X, t) + ...

c = c(0) + εc(1)(x,X, t) + ε2c(2)(x,X, t) + ...
(13)

In order to maintain periodicity each component of u and c is periodic in X. The velocity terms
should already be known from the homogenization of the blood flow on the capillary scale.

It is now possible to homogenize the mass transport equation depending on what are the dominant
mechanisms at the global scale. There are a total of 7 cases to be homogenized, assuming a maxi-
mum of an order ε difference between any two mass transport mechanisms. Table 1 summarises the
appropriate scalings of Pd, Ped, and Dad for the dominant mechanisms.

Pd Ped Dad
Advection Only O(ε) O(1) O(ε2)
Reaction Only O(ε) O(ε) O(ε)

Advection-Metabolism O(ε) O(1) O(ε)
Diffusion Only O(ε2) O(ε2) O(ε3)

Advection-Diffusion O(ε2) O(ε) O(ε3)
Diffusion-Metabolism O(ε2) O(ε2) O(ε2)

Advection-Diffusion-Metabolism O(ε2) O(ε) O(ε2)

Table 1: Appropriate scalings of local dimensionless numbers depending on which transport mech-
anisms are dominant on the global scale.

3 RESULTS AND CONCLUSIONS

The homogenization of the mass transport equation is performed in a similar fashion to that presented
in [1] and [10]. Due to the coupling of the interstitial and capillary domains, the Fredholm alter-
native is used to derive the solvability condition. Note that in order to maintain this coupling, the
diffusion coefficient is assumed to be of the same order in the interstitium and the capillaries. If we
consider the case when advection, diffusion, and metabolism are dominant on the global scale then
the homogenized form is found to be to leading order (after redimensionalizing)

∂c

∂t
+∇x.(〈uc〉cc)−∇x.(D

dif∇xc) = −λcφt +O(ε) (14)

where the three coefficients 〈uc〉c, Ddif , and φt are derived from the micro-scale problem, and O(ε)
is the leading order correction. The coefficient 〈uc〉c is obtained from the homogenization of the



blood flow (not detailed in this paper) and is defined as the volume average of the velocity over the
capillary domain. Ddif is the diffusion tensor and is defined as

Ddif =

(
Dcφc +Dtφt

)
I +

1

Ω

(∫
Ω

D(∇XX )TdV

)
(15)

where X is the micro-scale cell variable representing concentration, φ is a volume fraction, and I is
the identity tensor.

It is found that the form of the homogenized mass transport equation is the same as that on the micro-
scale with averaged coefficients. Depending on whether advection, diffusion, or metabolism dominate
on the macro-scale, only those terms will appear in the homogenized mass transport equation. As an
example, Table 2 gives parameters for oxygen transport and metabolism in the brain.

Symbol Unit Value
L mm 1
d mm 0.05 [7]
U µm s−1 200 [5]
D m2 s−1 1.8x10−9 [2]
λ s−1 3.2 [4]

Table 2: Table of characteristic values for oxygen
transport

It is evident from these parameters that advec-
tion and metabolism both dominate over diffu-
sion on the global scale and so the equation that
best matches oxygen transport is

∂c

∂t
+∇x.(〈uc〉cc) = −λcφt +O(ε) (16)

The equations derived in this paper are general
and can be applied to any solute flow in capil-
lary networks. The degree of freedom provided
by not assigning the time scale immediately (tc)
allows the dimensionless numbers to be scaled
appropriately based on what are the dominant
mechanisms. The constraint of diffusion being of the same order in the capillaries and interstitium
can be relaxed which will result in a decoupling of the two domains and hence two equations to be
homogenized.
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